Conditions are given for a real quadratic field to have class number divisible by five. If 5 does not divide m, then a necessary condition for 5 to divide the class number of the real quadratic field with conductor m or 5m is that 5 divide the class number of a certain cyclic biquadratic field with conductor 5m. Conversely, if 5 divides the class number of the cyclic field, then either one of the quadratic fields has class number divisible by 5 or one of their fundamental units satisfies a certain congruence condition modulo 25.
1. Introduction. While a necessary and sufficient condition for 3 to divide the class number of a real quadratic field has been given by Herz [3] , no similar condition seems to exist for 5. In this article, we will extend the methods of Herz to obtain such a result. Although Weinberger [9] and Yamatoto [10] have proved the existence of infinitely many real quadratic fields with class number divisible by any integer n, their results are quite different from those of Herz and those of this article. Proof. Since the Galois group of L/k3 is bicyclic of order 4, it follows from Theorem 5.5.1 of Walter [8] that 2hh\ = Q0hxh2h3. However, it is well known that h3=h* = l.
To complete the proof we need to show Q0 = 1. If E E E, Theorem 1 of Parry [7] shows E2 =±fe = ±fe, where e E Kx. Thus, (E/Ç3)2 = ±e.
If ex = E/Ç3 ^ Kx, then L = Kx(ex) = Kx(\/±e) so only the prime divisors of 2 in Kx could ramify in L. However, the prime divisors of 5 in A^ ramify in L. Thus, e, E Kx and so E = Ç3ex E ê. Hence, E C ê so Q0 = 1. Theorem 2. 4n, = Qxh*h* with Qx = 1 or 2.
Proof. Immediate from Satz 1 of Kubota [5] and Satz 11 of Kuroda [6] since n^ = 1 and the fundamental unit of k3 has norm -1. Let p be the unique element of G(M(Ç)/KX) which has order 2 and define quantities 9, a and e by 8 = a + oc°, a = a1 +p and e = a4~p + a4p~l. Now a, e E Kx, ÔEM,M = Kx(0) and 6s -5ad3 + 5a20 -ae = 0. Since M/k3 is dihedral, the nontrivial automorphism oí Kx/k3 can be extended to an automorphism t of Mß)/k3 satisfying the following properties: fr = f4, t2 = 1, pr = rp, TO = 04T.
If/? = aT-1 then ßo = (ar-l)0 = aa4r-a = (f4a)r/(ra) = tf fa m "r-1 = ft so that ß E L. Replace a with (1 + ß)a if ß # -1 and with (f -f4) a if ß = -1.
This gives a = aT so that a5 E K2 and a is uniquely determined up to a factor y of K2. Thus we can take a to be an integer of K2 and so a and e will be integers of k3. Theorem 1 of Parry [7] shows that the only units of K2 are the units of k3, so if a5 were a unit of K2, then a5 E Kx. This would mean that M = Kx(á) = K^y/ct5) and so M/Kx would be a nonnormal extension. Thus, a5 is not a unit of K2. Hecke [2] shows that L(\fe)/L; and hence, M/K2 will be an unramified extension if and only if
is solvable in L. By applying the relative norm function for L/Kx, it is seen that (4) is solvable if and only if
is solvable in Kx. Applying the relative norm functions for Kx/k¡ (i = 1, 2, 3) to (5) shows that (6) x5 = ex mod(25), (where p5 = (5, \JSm)) must be solvable in kx, k2 and k3, respectively. First of all, it is easy to see that (8) has no solution unless e3 is the fifth power of a unit of k3. Thus, we may take e3 = 1 and a5 = e = exe2. Next observe (7) is solvable if and only if e2 = u + v\/5m (mod 5) with i> = 0 (mod 5). Suppose e2 = e2 where e2
is the fundamental unit of k2. Certainly, we may assume that t is reduced modulo 5.
Moreover, if t ^ 0 (mod 5), then (7) has a solution if and only if x5 = e2 mod P5 has a solution; i.e. we may assume t = 0 or 1. If t = 1, then condition (3) of the theorem holds. If t = 0, then ex ¥* ±1, since otherwise a would be a 10th root of unity. Hence, we may assume that (6) holds where ex = ex is the fundamental unit of Jfcj.
We need to determine exactly when (1) or (2) holds.
We have now proved that if 5 | n2 and S\hx, then one of (l)-(3) must hold. Conversely, if one of (l)-(3) holds, set e = e, if (1) or (2) holds and e = e2 if (3) holds. The above discussion shows that (4) has a solution for this choice of e. Satz 119 of Hecke [2] shows that L(\Je)/L is unramified so that 5 |n. b ± 7 Tr(e)(9 ± w2Vw) (mod 25).
Thus, in either case (2) is satisfied.
The distinction between conditions (1) and (2) of Theorem 5 is somewhat artificial as is seen by the following result.
Corollary
7. If ex satisfies condition (2), then e3 satisfies condition (1). Proof. Simply cube e = r ± m2\Jm and note that m5 = 7 or-7 and r = 9 or 12 (mod 25) according as m = 2 or -2 (mod 5).
We now classify those fields K2 which have class number divisible by 5 In order to see that a can be chosen properly, it will be necessary to consider three cases: Case 1. K2 Type 2 and Type 3a,m = ±l (mod 5). Here (25) = (pjp2)2 where pj and p2 are prime ideals of kx. There are 20 reduced residues modulo p2 and the fifth powers are precisely ± 1, ±7. Since ex is not a fifth power residue, the powers e{(j = 0, . . . , A) form a complete set of coset representatives for the subgroup of fifth power residues in the whole group modulo p2. Thus, e'fc + syjm) is a fifth power residue modulo p2 for some /. We need to observe that / does not depend Note that e,, a and the subgroup, F, of fifth power residues all belong to H. Since €j is not in F, the powers e'x(j = 0, . . . , A) give a complete set of coset representatives for F in H. Thus, e'ft E F for some choice of/. If a is replaced by e'ja, then L(y/a)/L will be unramified.
Case 3. K2 Type 1 and Type 3b, m =0 (mod 5). We shall now return to our standard notation and write a = r + sy/5m with (m, 5) = 1. Now L(y/cx)/L will be unramified if and only if a is a fifth power residue modulo pj where ps = (5, y/5m). There are 100 reduced residues modulo pj, and the subgroup of fifth power residues is F = {± 1, ± 7}. If ^4 denotes the ring of algebraic integers of k2, then the norm function defines a homomorphism A: (A/V3)* -*■ (Z/25Z)*.
Since only integers congruent to ± 1 (mod 5) can be norms, the image of A has order 10. The kernel of A must also have order 10 and the preimage, H, of <± 1) has order 20. Note that e2, a and F all belong to H. Since e2 £ F we have, as in Case 2, e^a E F for some /'. This completes the proof.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use where e denotes the conjugate of e and both fifth roots are real. Then M -K2 (9) is an unramified abelian extension of K2 of degree 5 and 9 is a root of f(x) = x5 -5A(e)x3 + 5x -Tr(e),
where N(e) and Tr(e) denote the norm and trace of e. Proof. Merely reverse the roles of Kx and K2 in the proof of Lemma 4. Under our assumptions we can take a = yj e and ap -y/e. It is easy to see a = N(e) and ae = Trie).
5. Numerical Results. Since K2 is an imaginary cyclic biquadratic field, its class number can be readily computed using a result of Hasse [1] . The formula is 2 Z Xi")n ,
where f is the conductor of K2, the summation is over the smallest reduced residue system modulo f and x(") = (m/n)xx(n). Here (m/n) is the Jacobi symbol and X,(n) is a primitive character modulo 5 defined by Xi(2) = i = V-1-The conductor f = 5D where D is the discriminant of kx. When f is even, we can make the following simplification:
Theorem 13. // f is even, then In either case x(« + f/2) = -x(") so Z X(n)n = Z X(n)n + x(" + f/2)(n + f/2) n (mod f ) " (mod f/2) Z x(")" -X(")(" + f/2) = -f/2 Z X(n).
n (mod f/2) n (mod f/2)
The desired result is now immediate.
Using 
